Abstract. In this short note, a question of patching together globally hyperbolic manifolds is adressed which appeared in the context of the construction of Hadamard states.
Definition 1. Two globally hyperbolic manifolds (M, g) and (N, h) are called future-isometric (resp. past-isometric) iff there is a Cauchy hypersurface S of (M, g) and T of (N, h) such that I + (S) is isometric to I + (T ) (resp. I − (S) is isometric to I − (T )). Let J(g, h) be the set of globally hyperbolic manifolds past-isometric to g and future-isometric to h. Any metric in J(g, h) is called an asymptotic join of g and h.
We define a binary symmetric relation P of past-isometry (resp. F of future-isometry) which is moreover transitive, as for two different Cauchy surfaces one can find a third one in the past (resp. future) of both. We will first prove another result used in the proof of the second theorem:
Date: April 29, 2013. Theorem 1. Let λ ∈ C ∞ (R × N ) and let g := −dt 2 + g t be a Lorentzian metric on R × N , where each g t is a Riemannian metric on {t} × N . Then there is an f ∈ C ∞ (R × N ) such that (M := R × N, h := −λdt 2 + f g t ) is globally hyperbolic. If λ s = λ u , g s = g u for any two s, u ∈ (−∞, 0), and if (a, ∞) × N is already globally hyperbolic, then f can be chosen such that f s = f u for any two s, u ∈ (−∞, 0) as well and equal to one on (a, ∞).
Proof. First choose a smooth function j on S := t −1 ({0}) such that jg 0 is complete. Now we want to have I ± h (t, x) ∩ S ⊂ B S t (x) (which ensures global hyperbolicity). As we can parametrize any causal curve c as c(t) = (t, k(t)) and as for the resulting curve k holds f t g t (k,k) ≤ λ t , it is sufficient that f t g t ≥ max{1, λ} ·jg 0 . By compactness of the Euclidean sphere, there is a continuous function f satisfying this inequality, so we can choose a smooth function f ≥ f with this property as well. The additional property is now obvious as the choice of f was pointwise.
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) and (M, h)be globally hyperbolic, let the Cauchy hypersurfaces of g be diffeomorphic to those of h. Then J(g, h) is nonempty. In particular, for any (M, g) globally hyperbolic, there is a globally hyperbolic ultrastatic metric u on M such that J(g, u) is nonempty.
Proof. Choose a metric splitting (M, g) = (R × N, −s · dt 2 + g t ) by a smooth Cauchy time function t as in [1] and put N := t −1 (1) and S := t −1 (0). Then choose a smooth positive functions f on M = R × N such that f | I + (S) = 1 and with f = s −1 on I − (N ). Then, via t, the metric g
). Now, for a smooth monotonously increasing function ψ : R → [0, ∞) with ψ(r) = 0 ∀r ≤ 0, ψ(r) = r ∀r ≥ 1, define a smooth function λ and a Lorentzian metric k := −dt 2 + k t as in Theorem 1 by λ t := l θ(t) and k t := f θ(t) · g θ(t) . Note that λ t and k t are constant for t < 0. Then apply the first theorem to (λ, k) and get a smooth functions φ on M such that (R × N, γ := −λ t dt 2 + φ t k t ) is globally hyperbolic, and φ t can be chosen equal to 1 on [1, ∞) and constant on (−∞, 0]. Then F (g, γ), and P (γ, u) where u is the ultrastatic metric −dt 2 + f g −1 . Therefore γ ∈ J(g, u). If we have two different globally hyperbolic metrics g and h we construct the ultrastatic metrics u g = −dt 2
